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Motivation

In(1/p) = — In p gives the information in
the probability p, 0 < p <1
about the origin
—In(x) gives the information in
the observation x, x € (0, 00)

Figure: The function —/n x on the non-negative reals
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Motivation

Given a pdf f(x) on (0, 00), the function (—Inx) - f(x)
indicates how much information about the origin
is contained in the observation x

Figure: The function (—/nx)e™> for the Standard Exponential
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Motivation

The overall information in a Standard Exponential is positive, since

/ (=Inx)e ™ dx =~
0

where v = 0.5772 is Euler's constant
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Definition: Expected Information

Given a pdf f(x), the corresponding expected information is

E/(X) = /Ooo(—lnx)-f(x)dx
E/(X) = /oo(—lnyxy)-f(x)dx
E00 = [ (miie)- A as

Only the distance from the origin matters, not the direction
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Center vs. Periphery: positive vs. negative information

0.
0,4
o5l —— PDF[SechDistribution[0, 1], x]
out PDF[NormalDistribution[0, 1], x]
02} PDF[CauchyDistribution[0, 1], x]
/ "l \\
e | L L L L P —!
-4 -2 2 4

Figure: Center (|x| < 1) and Periphery (|x| > 1)
both contribute to Expected Information
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Comparison

0.25

020

ol —— —log(x) PDF[SechDistribution[0, 1], x]
ol - \ -log(x) PDF[NormalDistribution[0, 1], x]

0.10F -log(x) PDF[CauchyDistribution[0, 1], X]

0.05 \

0.05 j‘ \ ‘/2‘ I,%——f “‘

E;(Sech(0,1)) = 2Inw —In7 ~ 0.783
E;/(Normal(0,1)) = (v+1In2)/2~0.635
E;(Cauchy(0,1)) = 0

with the lemniscate constant @ ~ 2.622
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Some Examples

Motivation
Definition
Examples

Continuous Distribution Expected Inform. | Remarks
Laplace(1) ~y positive

N ~ Normal(0, 1) (v+1In2)/2 >y
Lévy(0,1) —y—1In2 1/N?
‘Lognormal’(0, 1) 0 exp(Normal)
U ~ Uniform(0, 1) 1 elementary
Pareto(1, c0) -1 1/U

C ~ Cauchy(0,1) 0 symmetries!
Weibull(a, 1) —v/a

Lindley(b) Y=g+ Inb

Logistic(0, 1) Y+In2—Inmw

Sech(0,1) 2lnw —Inm pdf = m

E;(-) highlights how classical distributions are related.
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Basic Properties

Whenever expected information exists,
E((X-Y)=E(X)+E(Y)
In particular
Ei(r-X)=E(X)+ E(r)=E(X)—=In|r]

Moreover,
E((X®) = s E/(X),

and E;(1/X) = —E;(X) in particular.

Exponential mapping: If X = exp(—Y) then

E/(X) = EY
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Constructing the Normal: exponential component

Distribution E; Domain Remark
U(0,1) 1 unit interval | - symmetric -
J inverse

P ~ Pareto -1 (1,00)

J square polarization
P2 -2 (1,00)

Lin()

Exponential(1/2) | v —In2 R* nontrivial info.

By the way: the median of an Exponential(1/2) is 2In2.
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Properties, Constructing the Normal

Logarithmic Quantities
Further Examples

Constructing the Normal: circular component

Distribution E, Domain Remark
U(0,1) 1 unit interval | - symmetric -
Lm/2
u(0,m/2) 1—Inm+In2 | segment
Lsin(+)
pdf = - 12_X2 In2 unit interval
J square polarization
pdf = —2~——

T/ x(1—x)
Arcsin(0, 1) 2In2 unit interval | - symmetric -
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Constructing the Normal: putting all together

Distribution E, Domain Remark

X ~ Exponential(1/2) | v —1In2 R*

Y ~ Arcsin(0,1) 2In2 (0,1)

XY 1+ in2 RT

VXY (v+1In2)/2 R depolarization
S VXY (y+1In2)/2 R symmetrization

Actually,

Z = +VXY = j:\/ln(Ul_Q) - sin2 (%U2> ~ N(0,1)

where U; are independent, Standard Uniform
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Entropy and Information Functions

Expected Information:

E/(X) = /OOO(— Inx) - f(x)dx

Entropy is a close non-parametric cousin:

H(X) = /OOO(— In £(x)) - £(x) dx

In general - Integral with respect to an information function g(x):

G(X) = /0 (- Ing(x)) - F(x) dx
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Properties, Logarithmic Framework

Integral Transforms

Laplace:
L¢(s) = / e ¥ f(x)dx
0
Mellin: -
Me(s) = / x5 f(x) dx
0
Logarithmic:
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Logarithmic Moments and Information Variance

Logarithmic Moments:

I\/lf(X):/OOO(—Inx)sf(x)dx
Information Variance:
o7 (X) = M}(X)—(E(X))?
= [ (1) = 00 Flx) dx

Exponential mapping: If X = exp(—Y) then

of(X) = o*(Y)
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Properties of Information Variance

Given independence,

o?(X-Y) = oX(X)+o3(Y)
A(X+Y) = *(X)+o3(Y)

Further Analogies:

o X) = AKX AKX = Beed(X)
o?(a+X) = o%(X) 3(b-X) = b*-0%(X)

In particular: 0%(1/X) = 02(X)
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Some Examples

Distribution E, 0,2

Normal(0, 1) (y+1In2)/2 /8

Laplace(1) y 72/6 = 0.1672
Cauchy(0,1) 0 72 /4 = 0.2572
Lévy(0,1) —y —1In2 72 /2

Holtsmark v/3 1772/108 = 0.15772
Stable(a, 0) (1 —1/a) (1+2/a?)m?/12
Student t, pin2 | 902 n(0f2) 728 1 (4D (n/2))/4
Gamma(a, b,c) —wy(a)/c—Inb »p(MD(a)/c?

where the pdf of a Gamma(a, b, ¢) is
F(x) = 5150 (x/6) exp (— (x/b)°),
with the gamma function '(x), the digamma function

P(x) = (In I‘(x))/, and the trigamma function w(l)(x) = dJl(X)
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gence of Student's t towards the Normal

25+
20+
= )
— Tt 2
15 —
ut[ = ?
i 1 (¥ +log(2))
)
| — 1y +2109(2) - log(n) + wO(2))

Figure: Expected information and information variance of t,.
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Properties, Logarithmic Framework

Application: Statistics

Since expected information and information variances add up,

= Analysis of Information Variance (ANOIVA)

based on E;(XY) = E/(X) + E/(Y) and 07(XY) = 02(X) + o2(Y)

Example: Products of (independent) Normals and Cauchys

N(0,1) N1 N, N=2 [ C(0,1) GG C?
E() 0 0 — — - -
(") 1 1 - - - -
E(:)| (vy+I2)/2 v+In2 —y—1In2 0 0 0
a?(+) 72 /8 n2 /4 722 /4 72/2 m2
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The Normal and some of its Cousins

0rf
s
.5
— PDF[VarianceGammaDistribution[;—, 1,0,0], x]
04l
/ \ PDF[NormalDistribution[0, 1], x]
03l — 1
PDF|NormalDistribution]0. 11, ]
02f
01l
— L L L ——]
3 2 -1 1 2 3

Figure: Product of two Normals, the Standard Normal and its Inverse

More general idea: consider sums, products and powers of random
variables, i.e., the Algebra of Distributions

Major difference: There are many distributions D with E/(D) =0
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Orthogonal Polynomial Systems & Corresponding Distributions

. Further Extensions, Applications & Outlook
Stochastic Askey Scheme, Transforms & Outlook Hurene enstons, Applications HHoo

A Map of Distributions: the Stochastic Askey Scheme

Notation:
@ OPS = Orthogonal Polynomial System
@ OPS = Sheffer OPS = Appell and Binomial OPS

o (generalized) hypergeometric function
k

dly...,d (a, .,a ) z
rFe ( bi,.... b, > 2k=0 (br o) T
where (al, .. .,ar)k = (al)k s (ar)k,

and (a)x = [T\ q(a+i—1)

is the Pochhammer symbol (rising factorial)
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OPS and their corresponding Distributions

Hypergeom. | Orthogonal Distribution Convergence
Function Poly. System | (weights)
2F1(~) M.-P. Sech — (l, Ila)
2F1(+) Jacobi Beta — (I, lNa, 1b)
2F1(+) Pseudo Jacobi | Student ¢t
2F1(%) Meixner Neg. Binom. | — (lla, llc)
oF1(+) Krawtchouk Binomial — (I, llc)
(l1a) 1F1() Laguerre Gamma — ()
(IIb) | 1F1(),2Fo(-) | Bessel Inv. Gamma
(llc) 2Fo(+) Charlier Poisson — (1
(1 2Fo(+) Hermite Normal

where M.-P. stands for Meixner-Pollaczek
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Sheffer OPS < Stochastic Askey Scheme

(Bell)
Poisson
Charlier
/! N
(Stirling, 2nd) (Stirling, 2nd)
Binomial Neg. Binomial
Krawtchouk Meixner
v hY
(double (rising
factorial) (Euler) factorial)
Normal — Sech — Gamma
Hermite M.-P. Laguerre

Table: Sheffer OPS, corresp. Distributions and (Moments / Numbers)
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Extended Stochastic Askey Scheme: Cauchy

Discrete Distributions

Poisson
e e
Binomial - Bernoulli --> Geometric
Normal — Sech — Exponential
AN /" In(:)
Lexp(+) Student t 1tIn|-]  Uniform -3
Pseudo Jacobi Legendre
N /
‘Lognormal’ Cauchy

Continuous Distributions and corresponding OPS
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Extended Stochastic Askey Scheme: Beta

Discrete Distributions

Poisson
N\

Bernoulli --3 Geometric --»  Negative Binomial

Sech — Exponential - Gamma
n(e) v/ ratios

TIn|-|  Uniform -3 Betal 1
Legendre Jacobi
/

Cauchy Zero-Information Tier Beta2(p, p)

Continuous Distributions and corresponding OPS
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Extended Stochastic Askey Scheme: Below the Line

E; Distribution Ratio Distributions
positive | Gamma Betal(p, q)
Laguerre Jacobi
zero Beta2(p, p)
Jacobi
negative | Inverse Gamma | Betal(q, p)
Bessel Jacobi
E; Product and Ratio Distributions
positive | Uniform(0,1) | Normal N | VarianceGammaDistrib.
Legendre Hermite Ni- Ny pdf= Ko(|x])/m
zero ‘NoName’ Cauchy ‘Product-Ratio Cauchy’
ratios: | Us/Us C=Ni/No | Wi pdf= oG
negative | Pareto InvNormal | Inverse VarianceGamma
OPS =7 1/N pdf= Ko(|1/x])/(mx?)
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Orthogonal Polynomial Systems & Corresponding Distributions
Further Extensions, Applications & Outlook

Logarithmic Transform of Ratio Distributions

Distribution Ratio Difference
Laplace In(U1/Us) Exponential; — Exponential,
Logistic In(Exp; /Exp,) | Gumbel; — Gumbel,
Sech In|C| In|Ny| — In|Na|
Csch In\Cng\ |n\N1N3]—In]N2N4\
‘Morris Family’ | In|Cy -+ Gy
04l — PDF[SechDistribution[0, 1], ]
X241
e B\ ool Z]
_(aed)x
Tzom(2]

Figure: Generalized Hyperbolic Secant Distributions (‘Morris Family')
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Stochastic Askey Scheme, Transforms & Outlook

Interesting Facts / Questions

Cauchy and Normal in several Dimensions p

p 1 2 3 4
E/(C) 0 |—In2~—-0.69 ~1 —In2— 3~ -119
71'2 7T2 7T2 7T2

oi(C) | % s 71 T3

~ 2.47 ~ 1.64 ~ 1.47 ~ 1.39
E/(N) 7+2|n2 7—2|n2 ’y+|n22—1 w—lr122—1

~ 0.64 ~ —0.06 ~ —0.36 ~ —0.56
o7(N) | =2/8 72 /24 /8 — 1 7224 —1/4

~ 1.23 ~ 0.41 ~ 0.23 ~ 0.16

Logarithmic Moments of other Multidimensional
Distributions (Exponential, Uniform, Pareto,...) ?

Expected Information and its Applications

Uwe Saint-Mont, Hochschule Nordhausen
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Interesting Facts / Questions

‘Simultaneous’ Moments

For instance,

/ (=Inx)"x EX) X e = T (s) (s, m + 1)

1—x

/ / 109 200" G dy = F(s) (s, ) — %)

1—xy

/01 (_Ti);lxndxzrif)G(S’nIl) _C<S’n1—3>>

where ((s,m) =372, m is the Hurwitz zeta function.

Note the shift ‘+m’ in the denominator!
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Applications / Outlook: Statistics

Traditional statistical modelling:
Data = Structure + Error
where the error is normally distributed, since E(N) =0

Extension:
Data = Structure - Error
Here, a Cauchy error is a natural choice, since £/(C) =0

General Models
should employ both kinds of error
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Stochastic Askey Scheme, Transforms & Outlook Further Extensions, Applications & Outlook

Applications / Outlook: Signal <> Noise

Signal vs. Noise Paradigm

e Convergence (towards a point),
e.g. of opinions, sedimentation

@ Divergence (towards infinity),
e.g. polarization and confusion, erosion

@ Middle Ground: Fractals and Distributions

Stochastic Distributions are a nice compromise:
@ there are many distributions, and they are closely related
@ centripetal ‘force’ = centrifugal ‘force’ (center vs. periphery)
@ precise analysis: positive vs. negative expected information. ..

@ they model Mandelbrot's States of Randomness:
Mild - Slow - Wild (e.g. the Normal vs. Power Laws)
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Orthogonal Polynomial Systems & Corresponding Distributions
Further Extensions, Applications & Outlook

Stochastic Askey Scheme, Transforms & Outlook

Thank you!

Uwe Saint-Mont (2026): Information is Key.

Parametric Information Theory, The Signal-to-Noise Paradigm,
Stochastic Distributions, and Logarithmic Functions.

Published on Amazon:

ISBN Hardcover (colour): 979-8-249695-18-7
ISBN Softcover (b/w): 979-8-249687-57-1
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